We update our original low-energy constants to the O(p 6 ) order, including two and three flavours, the normal and anomalous ones. Following a comparative analysis, the O(p 4 ) results are considered better. In the O(p 6 ) order, most of our results are consistent or better with those we have found in the literature, although several are worse.
time, it is now the moment improve the O(p 6 ) LECs. While tedious, these needs to be improved step by step. This paper research analyses the origin of the systematic errors and tries to remedy them as precisely as possible. This paper is organized as follows: In Sec. II, we review our method to obtain the CL from QCD and introduce a more precise approximation. In Sec. III, a concrete method to calculate LECs is introduced. In Sec. IV, we list our results for the LECs, both normal and anomalous, up to and including order O(p 6 ). In Sec. V, we compare our results with others in the literature, and check for new predictions. Section VI concludes with a summary.
II. REVIEW AND IMPROVEMENTS OVER PREVIOUS CALCULATIONS OF LECS
In a previous work, we obtained the action of the chiral theory in the large N c limit. Drived from first principles QCD, it takes the form [22, 23] 
in which J Ω is the external source J including currents and densities after making a Goldstone-field-dependent chiral rotation Ω:
where Φ Ωc and Π Ωc are, respectively, the two-point rotated-quark Green's functions and the interaction part of two-point rotated-quark vertices in the presence of external sources; Φ Ωc is defined by
with subscript c denoting the classical field and ψ(x) the light quark fields.Ḡ σ1···σn ρ1···ρn (x 1 , x ′ 1 , · · · , x n , x ′ n ) is the effective gluon n-point Green's function and g s is the coupling constant of QCD. The Φ Ωc and Π Ωc are related by the first equation of (3) and determined by
where ϑ c is the phase angle of the U (1) factor, and Ξ c andΞ are two parameters in the calculation, defined by Eqs. (21) and (65) in Ref. [22] . In this work, they have little importance and are neglected. Eq. (5) is the Schwinger-Dyson equation (SDE) in the presence of the rotated external source. In Ref. [23] , we have assumed an approximate solution of (5) given by
where Σ is the quark self-energy which satisfies SDE (5) with vanishing rotated external source. Under the ladder approximation, this SDE in Euclidean space-time is reduced to the standard form
where α s (p 2 ) is the running coupling constant of QCD which depends on N C and the number of quark flavours, and C 2 (R) is the second-order Casimir operator of the quark representation R. In this work, the quarks belonging to the SU (N C ) fundamental representation, and therefore C 2 (R) = (N 2 c − 1)/2N c ; in the large N C limit, the second term is neglected.
In our previous article, because of the computational complexity, we did not calculate all terms in Eq. (1), but introduced some approximations to reduced the last three terms and leave only the first. The approximations are rough, and the results reproduce those of the GND model [21] . The last three terms could have introduced some systematic errors. The absolute values of the previous results seem too large when compared with others in the literature. The purpose of this paper is to remedy these errors partially and produce a more credible result.
For now, we have no idea how to solve the last term in (1) and hence omit it,; we shall only focus on the second and third terms. The infinite sum in both the third terms in (1) and the second term in (4) appear similar but they are not equal. To find the source of the systematic errors and to maintain a manageable calculation we only retain the two-point contributions, the terms with n = 2 in (1) and n = 1 in (4). When we simplify SDE from (5) to (7), we also include n = 1 in (5) . The present approximation and the approximation for SDE are all to first order, omitting all higher order contributions; they are then at the same level of accuracy. The other terms describe mesonics interactions, which we consider as less important when compared previous terms. The final results will substantiate this decision. Hence we shall add an additional effective action,
the approximation of which has been used in (6) .
With the same considerations for the anomalous parts, we only calculated the first term in (1), although using a different method to introduce the fifth dimensional integral [20] . We need not repeat this as the additional effective Lagrangian is the same as (9) . Therefore, for the present study, we calculate (9) including both the normal and anomalous parts.
III. CALCULATION OF THE ADDITIONAL TERMS
To calculate the additional terms, we first use the Wick rotation to change (9) to Euclidean spacetime as [18, 20] , and then expand it as a Taylor series,
where "Tr" includes the traces over coordinate space, spinor space and flavour space, "tr" includes only the traces over spinor and flavour spacec,
), after the tracing over the spinor space, the series are
where a k are coefficients, O Ω,k are monomials with flavour indices including ∇ µ , a µ Ω , s Ω p Ω , and " . . . " means trace over flavour space. In (13), we have used the basic relations to simplify the results, including trace relations, the Einstein summation convention, and for the anomalous terms also including the Schouten identity. Nevertheless, not all of the O Ω,k are independent.
Generally, the number of O Ω,k is larger than the number of linear independent terms O l . Specifically, the relationship between the two is given by
where M is the number of LECs up to a given order. 1 This implies that generally A lk is not a square matrix. The reduced row echelon form of A lk is
where the bottom-left corner contains just zero elements wiht O representing a zero matrix of the appropriate dimension C representing possibly a non-zero matrix and "· · · " also nonzero matrices. The rank of A lk or B lk is equal to the number of independent linear bases with each nonzero row-vector in B lk corresponding to a linear basis in O Ω . We select those O Ω,k ′ that are independent, and set B k ′ k ′ = 1 and B k ′ k ′ to be the first non-zero elements in the k ′ th row in B lk . All dependent O Ω,k can be replaced by O Ω,k ′ .
Without using the Cayley-Hamilton relations, the LECs K l for arbitrary N f flavours are defined as
In the second equation, we have has used (14) . Comparing (13) and (16), because all the relations in N f flavours have been used the coefficients in front of O Ω,k need to be equal.
In (17), there are m equations in M variables with m > M . We select the M independent O Ω,k ′ to solve the equations, leaving the remaining m − M equations as constraints. Hence the additional LECs are
Replacing ∆K l in (17), the second equal sign must hold. These the are the constraint equations. Finally, using the Cayley-Hamilton relations, all the LECs can be obtained for three and two flavours.
To the O(p 2 ) order, the additional analytical LECs are
The analytical results in (19) and the higher order in the following are all set in Euclidean spacetime. A more precise result, with all terms on the right hand side of (1), has been given in [22] . This is just the Pagels-Stokar formula for F 2 0 and also the Λ → ∞ results in our previous work [18] . It seems that only the first term in (1) is sufficient to give the O(p 2 ) results, the other terms do not contribute at the O(p 2 ) order. In considering the accuracy, we use the original results in [18] at the O(p 2 ) order. The method described in [22] , however, is not easily extendible to higher order, and there is no proof that indicates that the other terms in (1) make no contribution to the LECs. Hence at higher order, we consider (12) .
The definitions of C i can be found in Eq. (19) of [21] , and the relations between C i and common L i can be found in Eq. (24) in [21] .
To obtain numerical results, we use the same quark self-energy Σ k as in [18, 23] with the running coupling constant α s (p 2 ) of [24] . To complete the integral, two other input parameters are needed. One is F 0 , for which we choose F 0 = 87MeV; the other is a cutoff Λ which comes from the calculation of the first term in (1) . The details can be found in [18] and therefore we have chosen Λ =1.0 +0.1 −0.1 GeV. The three-flavour numerical results are listed in the second row in Table I . Those LECs that depend on Λ are expressible as
The superscript and subscript indicate how the LECs are sensitive to Λ. For two flavours, we give the usuall i , i = 1, 2, 3, 4, 5, 6,
where the γ i are given in Ref. [2] . These results are also listed in Table I .
Comparing the "new" and "old" results in Table I , the new absolute values of L i (l i ) are, as expected, smaller than the older ones, except forl 3 . For comparison, we also list the other results obtained by different methods: [2, 3] are the first results from experimental data; [25] gives the LECs from resonance chiral theory; [17] gives the LECs from a class of holographic theories; [19] gives the L 1 , . . . , L 8 from the global fit of the O(p 6 ) LECs, and L 9 and L 10 are given in [26, 27] , respectively. These are the usual methods to obtain LECs at present. On the whole, most of the old results are larger than the others, but the new results are closer. The only one new result larger than the old one is l 3 , but is also much closer than the older one. Our new results are much closer to the experimental results, and most results are within the error uncertainties of the resonance results. Nevertheless they appear a bit far from the results from the global fit. One possible reason is that the global-fitted results do not maintain the large N C limit, but L 4 and L 6 have fits that are not very small, the effect of which propagate throughout the calculation and decrease the values of other LECs. So far, our calculation remains valid only in the large N C limit, and therefore they are not very closed to the global fit results. These observations indicate that our approximation in (8) is reasonable. Although we only selected n = 2 in (1) and n = 1 in (4), the tendency is clear. The second and the third terms in (1) carry the systematic error in our original calculations. To date Table I gives the leading order corrections. Hence, we believe that when we extend the calculations to the O(p 6 ) order, the results will be more credible.
Because our method only applies in the large N C limit, for simplicity, in the O(p 6 ) order, we only need to calculate the large N C limit terms. Without the equations of motion, in large N C limit, the CL is
TheseỸ n and their relationship to Y i defined in [5] are listed in Table II Table III .
.
Because of the new relation given in Ref. [6] , we remove c 37 as previously. Unlike the O(p 4 ) order, some absolute values of the new LECs are smaller than the old ones, such as C 1 and C 4 ; some are almost unchanged, such as C 3 and C 12 ; some are larger than the old ones, such as C 52 and C 65 ; and some even change signs, such as C 22 and C 69 . These arise because of the choice of the independent terms in [5] and the complex relations in (17) .
The calculations are too highly complicated. To avoid possible mistakes, the expansion in (12) and most of the other calculations are done by computer. To check the correctness of our results, we examined them in various ways. First, some terms in Table II have two parts, which we calculated separately. C, P , and Hermitian invariance constrains the two parts of the coefficient as being equal or with a sign difference. Our analytical results for the separate parts must give the same coefficients. Second, if we switch off the quark self-energy, all the LECs, except the contact terms', must vanish [18] . This places a strong restriction on our results. Third, because of the strict constraint conditions in (17), we have 109 − 68 = 41 constraint conditions, with 109 being the number of O Ω in (16) . They also impose strong restrictions on our results. With all the above assessments, we are confident of the reliability of our numerical results for O(p 6 ) LECs. 
C. Anomaly
Following the same procedures as for the normal parts, the anomalous LECs can also be revised. The O(p 4 ) CL are Wess-Zumino terms, that had been obtained from the first term in (1) [20, 30] . The additional terms in (9) must vanish to the O(p 4 ) order., thereby imposing another requirement. We checked our calculations and verified this requirement. From another point of view, we checked that the terms with n = 2 in (1) and n = 1 in (4) were suitable.
To the O(p 6 ) order, without the equations of motion, in the large N C limit, the n-flavor CL is
TheseÕ W n and their relations with O W I in Ref. [8] are listed in Table VI in Ref. [20] . The analytical results for ∆K Table IV for three flavors and in the second row in Table V for two flavours.
Λ=1GeV
V. COMPARISONS
In this section, we shall gather the LECs to the O(p 6 ) order given in the literature to provide a means to assess our new results. It is just only an update of [18] but also includes some new results. Usually, these LECs are given as dimensionless parameters with the convention of
The following values of the physical constants come from the central values of PDG2014 [29] ,
Some of these values are needed in certain parts of the calculations.
A. ππ and πK scattering
In ππ scattering there exist six additional constants, r r i , i = 1, 2, 3, 4, 5, 6. Their relationship to LECs can be found in Eq. (5.3) in [38] . Ref. [38] also gives their values obtained using two theoretical methods, resonance-saturation (RS) [39] and pure dimensional analysis (ND) which only accounts for the order of magnitude. Ref. [40, 41] also give the r r i parameters, all of which are listed in Table. VI. Our new r r 4,5,6 only change slightly, the error bars from the references being also small. They are nonetheless in good agreement. However, in the references, r in three flavors. They are in units of 10 −3 GeV −2 . The forth column to the eighth column contain the results given in [31] :
n new old [20] (I) [31] (II) [31] (III) [31] (IV) [31] (V) [ 
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a This result is just the absolute value given in [35] . b These result are in [37] by different inputs. Table VII seem worse. This may be because of propagation errors from the complex relations between c + and C i .
B. Form factors
Ref. [38] also estimates the expressions of the vector form factor, the scalar form factor, two form factors of π(p) → eνγ(q) with LECs, and [44, 45] give some LECs using measurements of the pion scalar form factor, K l3 and the πK form factors. Ref. [40] gives one form factor from ππ-scattering. All of them are listed in Table VIII . Ref. [46] extrapolates the lattice data on the scalar Kπ form factor to obtain some LECs; the results are listed in Table  IX . Two of these results, r r S2 and 2C r 12 + C r 34 , seem better, as their signs have been changed. Furthermore in Fig.1 , we compare the experimental data [47] [48] [49] [50] [51] [52] [53] for the vector form factors collected in Figure 4 and 5 in [28] with our old and new results. In obtaining our numerical predictions, we have exploited the formula set C (n=5) [40] −14 ± 17 ± 3 22 ± 16 ± 4 −3 ± 1 ± 3 −0.22 ± 0.13 ± 0.05 0.9 ± 0.1 ± 0.5 0.25 ± 0.01 ± 0.05 set C (n=3) [40] −20 ± 17 ± 3 7 ± 10 ± 4 −4 ± 1 ± 3 0.13 ± 0.13 ± 0.05 0.9 ± 0.1 ± 0.5 0.25 ± 0.01 ± 0.05
Ref. [ ), for the space-like form factors, the new line is higher than the old ones, whereas for the time-like form factors, the new line are lower than old ones. The new results are slightly worse than the old ones. Nevertheless, considering the experimental errors, they are all consistent with the experimental data. 
C. Photon-photon collisions
Ref. [54, 55] introduce some parameters by γγ → π 0 π 0 and γγ → π + π − . These parameters are also all related to LECs. They are listed in Table X . These results are nearly unchanged, with a r 2 and b r still having opposite signs. Ref. [17] gives almost all LECs without scalar and pseudoscalar fields in the large N C limit from a class of holographic theories, the results are listed in Table XII . The new results still produce some large differences in these LECs, but some LECs retain the same sign, such as C 69 and C 79 − 1 2 C 90 . Some differences may come from the error associated with C 90 , the source of which needs to be further checked. 
F. Other results
Aside from the above results, there are more LECs given using these different method. Most of them are from resonance approximations, but our results do not rely on the assumption of the presence of resonances. In this subsection, we list the values we gathered from the literature and compare with ours. In Table XVIII , we checked the relations for the large N C limit given in Ref. [56] .
Because we only calculate a part of the large-N C expression in (1), not all of the LECs satisfy the relations.
For the anomalous parts, we collect the results in Table IV . The anomalous results are less than the normal ones, and the differences between each are slightly larger than the normal ones. 
VI. SUMMARY
In this research, we updated our original LECs to the O(p 6 ) order, including two and three flavours, and normal and anomalous ones. The new contributions come from n = 2 in (1) and n = 1 in (4). This is one small step beyond the ) order, the absolute values of the LECs exhibited varying changes or remained unchanged. We also compared these LECs with others. Most of them are much closer than the old values, but some combinations of LECs fare badly. The combinations found in references are directly from phenomenological data, and they can be more precise. However, we have obtained LECs separately. On the whole, the new LECs values are better than old ones; one possible reason for the differences is propagation of errors. In this method, more precise results needs a more detailed analysis of (1), which remains as work for the future. 
